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The effects of surface-tension anisotropy on interface morphology during the direc-
tional solidification of a binary alloy are studied. The long-wave evolution equa-
tion derived by Brattkus & Davis to describe growth near the absolute stability
limit is generalized to include the effects of a surface tension with cubic anisotropy.
The special cases of growth in the [001], [011] and [111] directions are considered.
The resulting evolution equations are derived, and amplitude equations governing
roll/rectangle and roll/hexagon competition are obtained. The coefficients of the
amplitude equations depend on the surface-tension anisotropy, and determine how
pattern selection is influenced by the presence of geometrically preferred directions.
Anisotropy leads to changes in the existence and stability criteria for each pattern,
to imperfect bifurcations, and to loss of degeneracy in bifurcations. '
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2916 R. B. Hoyle, G. B. McFadden and S. H. Davis
1. Introduction

When a binary alloy is solidified, the microstructures that appear, e.g. cells, den-
drites, and eutectics, depend on the processing conditions, the composition of the
alloy, and the crystallographic orientation. For example, Morris & Winegard (1969)
studied cellular growth in lead-antimony alloys and found that at the onset of insta-
bility the interface morphology depends on the crystallographic orientation. When
the growth direction is near [100] or [111], nodes are formed, while near the [011]
direction, two-dimensional cells (rolls) emerge. The fact that for a cubic crystal dif-
ferent morphologies arise when different growth directions are imposed suggests that
the agent responsible for these differences is an anisotropic interfacial property.

Anisotropy due to the presence of crystalline structure can take many forms. The
bulk materials properties can display directional variations. For example, Coriell et
al. (1990) studied how anisotropic thermal conductivities in a uniaxial crystal affect
the morphological stability of the solid-liquid interface. They found that, depending
on the growth direction, stationary or travelling rolls are the preferred morphologies
at the onset of instability. The solid-liquid interface can display kinetic effects in
which the undercooling is related to the pulling speed. The proportionality factor,
the kinetic coefficient, can have directional properties that give rise to travelling
waves on the front in a linear theory, as shown by Coriell & Sekerka (1976), and
hence the appearance at finite amplitude of cells tilted with respect to the pulling
direction, as shown by Young et al. (1987). Finally, the surface energy v can have
directional properties. For example, if the crystal has four-fold symmetry about a
given axis, then

v = 70(1 + €4 cos 49) (1.1)

is a typical model for the dependence of surface energy on the angle 6 between the
interface normal and a specific direction for a two-dimensional interface lying in a
symmetry plane of the crystal; here vy and e, are constants. When ¢, is very small,
then one might expect that such anisotropies would have negligible effects. However,
they are essential to the existence of two-dimensional needle dendrites according to
microscopic solvability theory (Langer 1987). When ¢, is larger, certain orientations
are forbidden, and crystals with corners form (Herring 1951; Voorhees et al. 1984).

There have been direct measurements of surface-tension anisotropy; a recent review
of measurements for several materials used in dendritic-growth experiments is given
by Muschol et al. 1992. Glicksman & Singh (1986) found that pure succinonitrile
has an anisotropy ¢4 of 0.5%, and Muschol et al. (1992) found a similar value of
0.55 £ 0.15%. For pivalic acid there are larger discrepancies in the measured values.
For pure pivalic acid Glicksman & Singh (1989) found an anisotropy ¢4 of 5%, while
Muschol et al. (1992) found a smaller value of 2.5 + 0.2%. Measurements of pivalic
acid with 1% ethanol were made by Dougherty (1991), who found a relatively small
anisotropy of 0.6+0.2%, which would suggest a substantial variation of the anisotropy
with the addition of ethanol, whereas Muschol et al. (1992) find a value of 2.6 +-0.2%,
which shows little sensitivity to the addition of ethanol.

There is a great deal of theory devoted to the nonlinear development of interfacial
perturbations in directional solidification. The first weakly nonlinear analysis was
performed by Wollkind & Segel (1970). These theories use as their point of depar-
ture the linear theory of Mullins & Sekerka (1964), and explore extensions into the
weakly nonlinear regime, as summarized by Coriell & McFadden (1993). Questions
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Pattern selection with anisotropy 2917

of preferred pattern, preferred length scale, and bifurcation structure (sub- or su-
percritical bifurcation) have been investigated. There are, however, two points that
make the story incomplete. On the one hand, nearly the whole low-speed branch
of the neutral curve of linear theory (near the constitutional supercooling limit) in
two dimensions involves subcritical bifurcations, and so jump transitions to cellular
structures are predicted. The cells that emerge cannot be described accurately by
linear theory. One consequence of this is that the cellular scales of two-dimensional
experiments (de Cheveigné et al. 1988) and theory (Mullins & Sekerka 1964) do not
agree to better than a factor of two. On the other hand, nearly all of the theories in-
clude the effects of processing parameters and the composition of the alloy, but ignore
effects of the presence of the crystalline structure, in particular the anisotropies in
surface energy. An exception is McFadden et al. (1988), in which a three-dimensional
weakly nonlinear theory is begun and taken through quadratic terms in amplitude.
A transcritical bifurcation to hexagons is found, though the branch is unstable. They
cannot describe the large-amplitude branch to which the unstable disturbances tend
because it is generally outside the weakly nonlinear regime.

In the present work we attempt to remedy the two deficiencies outlined above.
Firstly, we shall focus on the high-speed branch of the neutral curve (near abso-
lute stability) where two-dimensional cells bifurcate supercritically and so can be
described by a weakly nonlinear theory. Rather than attack the primitive equations
involving a free-boundary problem for the interface, we analyse the strongly nonlinear
evolution equation of Brattkus & Davis (1988) that for high speeds is asymptotically
equivalent to the original problem. By this means, the pattern-selection problem
becomes tractable. Secondly, we introduce surface-energy anisotropy, focusing on
growth of a cubic material in the [100], [111] and [011] directions, and delve into the
question of how the patterns change as the magnitude of the anisotropy increases
from zero. We first study the competition between two sets of rolls with an angle 6
between them. Superposition of the rolls leads to solutions with square or rectangu-
lar planforms, patterns which have been observed in other physical systems (see, for
example, Hoyle 1993, and references therein). We then consider the competition of
three rolls aligned at 120° to one another in order to further examine the effect of
anisotropy on the selection of hexagons.

The consideration of these elementary nonlinear interactions is one simplification.
Another is that, even though we examine the high-speed branch of instabilities, we
ignore kinetic effects (Coriell & Sekerka 1976) produced by non-equilibrium ther-
modynamics at the interface. Further, the thermal field is assumed to be a fixed
linear function of distance from the unperturbed solid-liquid interface. In this ap-
proximation the thermal conductivities of the liquid and solid are assumed equal,
and the effects of the release of latent heat at the solidifying interface are neglected.
The effects of relaxing this simplifying assumption on a long-wave theory have been
considered by Huntley & Davis (1993), who examine the low-wavenumber end of the
neutral curve under a variety of conditions.

In this paper, the long-wave evolution equation derived by Brattkus & Davis (1988)
is first generalized to include the effects of anisotropic surface energy; a generalized
equation results for each of the three growth directions considered. These long-wave
evolution equations are the starting point for a bifurcation analysis of rectangular and
hexagonal patterns in the presence of anisotropy. The anisotropy is found to affect
linear pattern selection in the [011] case, and nonlinear selection in the [100] and
[111] cases. Anisotropy leads to changes in the existence and stability criteria for each

Phil. Trans. R. Soc. Lond. A (1996)
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2918 R. B. Hoyle, G. B. McFadden and S. H. Davis

pattern, to imperfect bifurcations, and to loss of degeneracy in bifurcations. Since the
various anisotropic properties of the solid are all dictated by the basic symmetries
of the underlying crystal lattice, we expect the results we obtain from consideration
of surface-tension anisotropy to be typical of other types of anisotropic properties
as well. Although derived in the context of directional solidification, the amplitude
equations which describe the bifurcation structure are more generally applicable to
anisotropic pattern-forming systems, for example, electrohydrodynamic convection
of nematic liquid crystals.

2. Model

We use the model of surface-tension anisotropy considered by McFadden et al.
(1988). The Gibbs-Thomson equation with anisotropic surface energy may be written
in the form,

Ti=Tm +mC—TM8/Lv, (21)
where T7 is the interface temperature, Ty is the bulk melting point of the pure
material, m is the liquidus slope, c is the solute concentration, £ is the the weighted
mean curvature (Taylor 1992), and Ly is the latent heat per unit volume. (The
densities of the liquid and solid are assumed to be equal.) € reduces to the product
of the surface energy with twice the mean curvature in the case of isotropic surface
energy.

The anisotropic form for £ can be calculated from a variational principle involving
the surface energy. In general the anisotropic surface energy is a function of the unit
normal m to the solid-liquid interface z = h(x,y,t). Here z is the coordinate in the
growth direction, and x and y are coordinates in the orthogonal plane. Because we
are concerned with the evolution of interfaces that remain single-valued, it is more
convenient for our purposes to write the dependence on orientation in the equivalent

form v = v(hg, hy), since the normal can be given in terms of the interface gradient
by

n = (ng,ny,n,) = (=hsz, —hy, 1)/ 1+h923+h12/'

The weighted mean curvature can then be derived by taking the variation of the
expression (McFadden et al. 1988)

/I(hm, hy) dady = /’y(hz, hy)y/1+ hZ + h2 dzdy (2.2)

to obtain
6/I(hm,hy) dzdy = /55hdmdy, (2.3)
where
- 5 = Illha:z + 2[12h$y + Igghyy, (24)
and the subscripts on I denote partial derivatives with
0?1 (hy, hy) 0*I(hy, hy) 0?I(hy, hy)
Iy = —" Iy = =2 ) Ly = 2 2\t ) '
TN TR T M TO%

For the isotropic case y(h,, h,) = 7, where 7 is constant; this results in & = 5K,
where K is twice the mean curvature.

Phil. Trans. R. Soc. Lond. A (1996)
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Pattern selection with anisotropy 2919

For the purposes of a weakly nonlinear expansion, it suffices to work with a low-
order expansion of I in terms of h, and h,. In a coordinate system aligned with the
crystalline axes, the surface energy +(n.,n,,n,), being defined on the unit sphere,
can be expressed as an expansion in spherical harmonics with cubic symmetry, or
equivalently

Y(na,ny, 1) = v+ vi(ng +ny, + n3) +v5(nS + ng +n8) +... (2.6)

Transforming to a frame with the z axis aligned along the growth direction, and
writing (ng,7n,,n:) = (—ha, —hy, 1)/(1 + h2 + h2)? and I(hs,hy) = (1 + h2 +
h2)'/2~(hy, hy), we find that for growth in the [100], [111] or [011] directions, the
function I can be expanded in the form,

I(he, hy) = 7102+ 5Tahy +sha (h3 —3R%) +Yahy +7shi by +Thy, + O(IVAI®), (2.7)

where we have omitted inconsequential constant or linear terms that do not con-
tribute to £, and where the 7; are linear combinations of the +; (McFadden et al.
1988).

The inclusion of surface-tension anisotropy modifies the long-wave evolution equa-
tion derived by Brattkus & Davis (1988). In their treatment the primitive equations
are rendered dimensionless by using the length scale D/V and time scale D/V?,
where D is the solute diffusivity and V is the pulling velocity. The solute concen-
tration, ¢, is made dimensionless in terms of the scale (k — 1)coo/k, where k > 0
is the distribution coefficient and c., is the far-field solute concentration. This in-
troduces three dimensionless parameters (Brattkus & Davis 1988), given by k, the
morphological parameter M, defined by

m(k —1)ceV
kGD ’

where G is the temperature gradient (assumed constant), and the scaled surface
energy

M = (2.8)

KTV (11/Lv)
= 2.
r Coom(k —1)D’ (2:9)
which is based on the constant +; defined in (2.7). The dimensionless form of the
quantity I has the form,

I(hg, hy) = Sh2+ 372k +3ha (h2 = 3h2) +yahy +7shahl +76hy, + O(IVA[), (2.10)

where h is now dimensionless, and we have introduced v2 = J2/71, v3 = V3/71,
Y4 = Fa/ 1y Vs = T5/71, and Y6 = Yo /T1-

In the presence of anisotropic surface-tension, the dimensionless equations govern-
ing the evolution of the solute concentration, and the interface position are

Vic+c,, +c,=c, 2z>0, (2.11a)

M+ (k-1)cA+h)=c,—Vh-Ve, z=h, (2.11b)
c—M7h-TE=0, z=h, (2.11¢)

c=1, z=o0, (2.114d)

where V = (0,,0,) is the two-dimensional gradient operator. The base state, corre-
sponding to a flat interface, is given by h=0,c=1—e7".

Phil. Trans. R. Soc. Lond. A (1996)
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2920 R. B. Hoyle, G. B. McFadden and S. H. Davis
3. Linear stability

Surface-tension anisotropy affects the conditions for linear stability of the base
state. For the case of growth in an arbitrary fixed direction, the linear stability
results generally depend on both the magnitude and direction of the perturbation
wavevector. The dispersion relation for a perturbation of growth rate o and wavevec-
tor (aq,as) is given by

o=-k+(1-M"'-Td—yla)|(i+oc+al+a3)*+k- 1} (3.1)

For growth in some special directions, for example [100] and [111], it is found that
72 = 1 (McFadden et al. 1988), and the dispersion relation of linear theory depends
only on the magnitude, and not the direction, of the wavevector. Growth in the [100]
or the [111] direction therefore gives rise to interesting weakly nonlinear problems in
nonlinear pattern selection. Growth in directions for which ~; # 1 is dominated by
linear selection at small amplitudes.

The neutral stability surface is given by o = 0, and the marginal stability condition
can be determined by finding the global maximum of M~! on the neutral stability
surface. The stationary points of M ~! are given by

oM ! ark

Ba, =—2la; + C+a2+ad) /(L +1a% +a2)l/2 4 k- 1]2 =0, (3.2q)
~1
Og/; = —2v['ay + (LT a? +a2)2[(2 3_2];% +ad)/? k- 12 =0. (3.2b)
The origin a; = a; = 0 is a stationary point, as is the point a; = 0, as = agg, where
2905 + a30)*[(5 + %) > + k= 52—k =0, (3.3)
and ap; = 0, a1 = a1, where

2I'(1 +a3)' ?[(; +alp)'* + k- 5)* —k=0. (3.4)

If I' <0 or I <0, then M~ — +oc in some direction as a?, a2 — oc. This is
obviously the global maximum of M ~!, and short waves become unstable first. For
I' > 0 and v, I" > 0 there are four possibilities. If 1/k — I' < 0 and 1/k — v, I" < 0
there are no instabilities. If 1/k — I" < 0 and 1/k — 21" > 0, the global maximum
is at a; = 0, ay = agg, and stability is first lost to a y-roll at finite wavelength. If
1/k—1I > 0and 1/k—~2I" < 0, then the global maximum is at a; = a9, as = 0, and
stability is first lost to finite-wavelength z-rolls. If 1/k—1I" > 0 and 1/k—~2I" > 0 then
either finite-wavelength z- or y-rolls are most unstable, depending on the heights of
the respective maxima of M ~!. In the special case where I' = I'7y,, the maxima are
of equal height, and there is no preferred direction for the most unstable mode, only
a critical overall wavenumber, ag.

In the work of Brattkus & Davis (1988), a long-wave evolution equation for the
interface shape is derived for growth near conditions of absolute stability. From the
above analysis, it can be seen that the absolute stability boundary is given by I' = 1/k
and v2I" = 1/k. For growth directions where v, = 1, e.g. [100] and [111], a small
parameter € is introduced by setting I' = v " = 1/k —¢. In most directions, however,
v2 # 1, and in order to derive the modified Brattkus—Davis equation, we must set
I' =1/k — € and 72 = 1 + A2¢. Examination of the dispersion relation in the limit
€ < 1 then indicates (Brattkus & Davis 1988) that disturbances have wavenumbers

Phil. Trans. R. Soc. Lond. A (1996)
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Pattern selection with anisotropy 2921

that are O(e!/2?) and have time scales that are O(1/¢); the morphological parameter
M scales as O(1/¢®). This motivates the scalings M =M, h(z,y,t) = H(X,Y,T),
where (X,Y) = €'/?(2,%), and T = et. This gives
—8 = 6{[11(61/2HX7 El/zHy)HXX
+2]12(€1/2Hx, 61/2Hy)HXY + 122(61/2H)(, 61/2Hy)Hyy}. (35)

For I, as given in equation (2.10), the appropriate form of the small-¢ expansion for
£ is affected by the cubic term proportional to s, since this term introduces a factor
of ¢'/2 that does not occur in the isotropic case.

The modified Brattkus-Davis equations are derived by expanding ¢ and H in
powers of e (Brattkus & Davis 1988). For growth in the [100] direction, we have
2 =0, 93 =0 and 4 = 7 (McFadden et al. 1988), and the equation is found to be

Fop —VPF, + 11 =)V F+ VF+ ' F
= F,V?F + |VF[2 = 3(1 —v)V*(|VF|?) = vV - (VFV?F)
+4uV A{|VFPVF} + 2(7s — 274)[F Fee + A4F, FeFep + FEF,,), (3.6)

where k
= HO :
%+1 (8.7a)
k3/2
&n) = XY .
k2 -
T= 2k+1T’ (3.7¢)
1
V= m, (3.7d)
_ 2k +1)2 _ _
12 1 = (T)M 1. (376)

In this case, there is four-fold symmetry in the &7 plane, and the £ and 7 directions
lie along two of the crystalline axes, as shown in figure 1la.

For growth in the [111] direction, we have 5o = 0, 53 # 0, 74 = —1 + O('/?),
Y5 = =1+ 0(e'/?) and v = —% + O(€'/?) (McFadden et al. 1988), and the equation
is

Frp —VPF, + 11 = VAV F + V2F + ' F
=F,V?F + |VF[2 - 11 -v)V*([VF]?) —vV - (VFV?F)
LV {|VFPPVF} + 43 FeFec — 2Fy Fe, — FeFy,), (3.8)

where 43 = 67y3/k'/?¢!/2. Now there is three-fold symmetry in the &7 plane, and
the ¢ direction lies along one of the three symmetry axes, while the n direction lies
perpendicular to this axis, as illustrated in figure 1b.
The marginal stability condition for growth in both the [100] and [111] directions
® 1-v¥a* —a®+p7t =0, (3.9)
where a is the modulus of the wavenumber of the perturbation. The critical wavenum-
ber a. is then given by
2
2

G =172

(3.10)

Phil. Trans. R. Soc. Lond. A (1996)
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2922 R. B. Hoyle, G. B. McFadden and S. H. Davis
(a) (b)

Figure 1. (a) For growth in the [100] direction, the £ and 1 axes (dashed lines) lie along two of
the crystalline axes (solid lines). (b) When growth is in the [111] direction, there is three-fold
symmetry in the £~ plane. The £ direction (dashed line) lies along one of the three symmetry
axes (solid lines), while the 7 direction (dashed line) lies perpendicular to this axis. (¢) For
solidification in the [110] direction, there is two-fold symmetry in the £&- plane; there are two
perpendicular symmetry axes (solid lines), but they are not equivalent (indicated here by the
different lengths of the two lines). The £ direction (dashed line) lies along one of the symmetry
axes, which is also one of the crystalline axes, while the n direction (dashed line) lies along the
other symmetry axis. The direction of solidification is directly out of the plane of the paper.

and the critical value p. is given by

1
-1 _
Mc _1—1/2'

We recall that v = 1/(1 + 2k), where k > 0 is the distribution coefficient, so that
0 < v < 1. The critical wavenumber thus lies in the range 2 < a? < oo as k ranges
over the interval 0 < k < oo.

For the [011] direction, we have 43 = 0 (McFadden et al. 1988), and the modified
Brattkus-Davis equation is

(3.11)

207,
1— Uan
= F,V?F + |VF[2 - £(1 - v)V*([VF|?) = vV - (VFV?F)
+4y4(F)e + 476 (F )y + 275 (FEFoy + Fl Fee + AFcFy Fey).  (3.12)

There is two-fold symmetry in the £&—7 plane; there are two perpendicular symmetry

Frp = VPF + 2(1 =)V F+ V?F + i 'F —

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

/,//’ \\
/

A
i P 9

P
4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Pattern selection with anisotropy 2923

axes, but they are not equivalent. The £ direction lies along one symmetry axis, which
is also one of the crystalline axes, and the n direction lies along the other symmetry
axis, as shown in figure lec.

The marginal stability condition for growth in the [011] direction is found by
maximizing pu~! over the neutral surface:

2v7 1
pl = a? {1 - 1”_72V sin? x] - 1=, (3.13)
where the wavevector of the perturbation is (acosy,asin x). The global maximum
is at
cosy =0, a®=2[1—-2%/(1-v)]/(1-1v?), (3.14)
if 3 <0 (2 < 1), and at
siny =0, a*=2/(1-v?% (3.15)

otherwise. So n-rolls become unstable first if vo < 1, and &-rolls if v, > 1.

Linear selection is dominant for growth in the [011] direction, and rolls are pre-
ferred. The competition between rolls and more complex patterns such as rectangles
or hexagons, can be studied if 4, is small (equivalently ~, is close to 1), so that
the marginal stability condition is given by (3.9) to leading order, with a = a. and
p~t = p7! as defined in equations (3.10) and (3.11) above. In all that follows, we
shall drop the subscript from the critical wavenumber and understand that from now
on a = ac.

The above generalized Brattkus—Davis equations serve as the starting point for
our study of pattern-forming bifurcations in the presence of anisotropy.

4. Equations governing rectangle/roll and hexagon/roll competition:
effects of anisotropy

To investigate rectangle/roll competition, consider small amplitude solutions of
the form

F = §{A(T)el*Ecosvtnsing) . p()elalé cos(@+0)+nsin+0] ¢ el 4 hot., (4.1)

where here and hereafter, c.c. denotes complex conjugate and h.o.t. stands for higher
order terms, and where 0 < § < 1 is a small parameter which measures the distance
from threshold:

pt =gt — 562 (4.2)
Here s measures the degree of sub- or supercriticality. The time is rescaled so that
0. = 6%0r. Here A is the amplitude of rolls whose axes are aligned at an angle ¢
to the n axis, and B is the amplitude of rolls whose axes are aligned at an angle
1 + 6 to the n axis. The angular separation of the two rolls is therefore 6, as shown
in figure 2a. A superposition of the two sets of rolls results in a square (6 = 7/2)
or rectangular pattern, as illustrated in figure 3. We must have 6 # +27/3, or
else a hexagonal pattern will be favoured through resonant-triad interactions. A
weakly nonlinear analysis of the modified Brattkus-Davis equation results in a pair
of coupled equations for the evolution of the amplitudes. In the most general case
allowed by the expansion (2.7) of I, they take the form

,dA

a —

dT

Phil. Trans. R. Soc. Lond. A (1996)
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(b)

B

Figure 2. In roll/rectangle competition, the axes of the A-rolls lie at an angle 1 to the n axis,
and the axes of the B-rolls at an angle 1 + 8. The two sets of rolls are separated by an angle 6.
(b) In roll/hexagon competition, the axes of the A-rolls lie at an angle v to the 7 axis, the axes
of the B-rolls at an angle 1 + 27 /3 and the axes of the C-rolls at an angle 1) — 27/3. Each set of
rolls is separated from its neighbours by an angle of 27r/3. The relationship of the 7 direction to
the crystalline axes for growth in the [100], [011] and [111] directions is summarized in figure 1.

Pl
dT

where s; and sy are real, and the o; and (3; are complex. Although the environment
is anisotropic, the real parts of the coupling coefficients preserve chiral symmetry,
so that Re(az) = Re(f32). The exact form of the coefficients s;, «;, and gy is found
for each growth direction from the analysis of the appropriate long-wave evolution
equation (Hoyle et al. 1995). In the isotropic case, all the coefficients are real, and
certain additional relationships between the coefficients hold. In particular, we find
that s; = s; = 0, say, and a; = (31, along with ay = (5. Figure 4 shows a typical
bifurcation diagram for the isotropic case. Some of the possible bifurcation diagrams
for the case of anisotropy with real coefficients are given in Golubitsky & Schaeffer
(1985).

To investigate hexagon /roll competition, consider small amplitude solutions of the
form

= (s — s2)B — (B1|B|* + B2|A]*) B, (4.3b)

F = 6{A<T>eia(§cosw+nsinw) + B(T)eia{fcos(w+2ﬂ/3)+nsin(lp+27r/3)}
+O(T)elal€ cosw=2n/3)+nsin(w=27/3} | ¢} 1 hoot., (4.4)

where A is the amplitude of rolls whose axes are aligned at an angle 1) to the n
axis, while the B rolls lie at an angle 27/3 to the A rolls, and the C rolls are at an
angle 27/3 to the B rolls, as illustrated in figure 2b. The evolution takes place on
a perfect hexagonal lattice. An equal superposition of all three sets of rolls results
in a hexagonal pattern, illustrated in figure 10a. A weakly nonlinear analysis of the
modified Brattkus-Davis equation results in a set of coupled amplitude equations.
The most general form allowed by the expansion (2.7) of I, is given by
,dA

@ = (s — 51)A+ aBC — (1A + | B|? + v3|C|*) A, (4.5a)

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 3. Examples of interface shapes for rolls in (a) the &-direction and (b) the n-direction,
and the resulting shape for a superposition of two rolls producing (¢) a square pattern or
(d) a rectangular pattern. The diagrams show a surface plot of the scaled interface position,
F = 6{A(T)e'*&cosvtnsinyg) L g(T)gie{e cos(W0)+nsin(W+6)} 1 ¢ ¢} with a contour plot projected
onto a horizontal plane below.

dB .
o’ 3 = (5= 52)B+aCA — (vl B + w|CF + 12|4]) B, (4.5)
a%%% = (s — 83)C + aAB — (15|C|* + v3|A]? + vs| B|*)C, (A.50)

where the s; and the v; are real, o is complex, and the overbar denotes complex
conjugate. These equations preserve chiral symmetry. Again the exact form of the
coefficients is found from the modified Brattkus-Davis equation (Hoyle et al. 1995).
If the coefficients of the quadratic terms in the amplitude equations are of size O(&°),
then time must be rescaled so that 9, = 637, and the amplitude equations must be
truncated at quadratic order. However, if the quadratic terms are of size O(§), time

Phil. Trans. R. Soc. Lond. A (1996)
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Amp

Figure 4. Typical bifurcation diagram for squares in the isotropic case, with as > a3 > 0. Dotted
lines indicate an unstable solution, and solid lines a stable one. The dotted curve, labelled R,
shows the amplitude of A or B rolls, and the solid curve, labelled S, the amplitude of rectangles.

is rescaled so that 9, = 6207, and cubic order terms in the amplitude equations
are retained. In the isotropic case, there are additional relationships among the co-
efficients. In particular, we find that s; = s = s3 = 0, say, v1 = vy = v and
vy = v3 = 5, and that all the coefficients are real. When anisotropy is present, we
retain the perfect hexagonal lattice upon which the pattern evolution takes place,
but the symmetry revealed in these relationships between the coefficients is lost. Fig-
ure 5 shows the bifurcation diagram for the isotropic case, in the parameter regime
a > 0,0 < v <p;it is equivalent to the bifurcation diagram given by Busse (1967)
if the mixed mode is omitted.

In the following sections we shall consider the existence and stability of solutions
to the amplitude equations (4.3a) and (4.3b), and (4.5a), (4.5b) and (4.5¢) in the
special cases of growth in the [100], [111] and [011] directions. The amplitude equa-
tions are derived here in the context of directional solidification. However, equations
(4.3a), (4.3b) are quite general, while equations (4.5a)—(4.5c) hold for a wide class
of anisotropies, so both sets are applicable to anisotropic pattern formation in more
general physical systems. A solid with anisotropies in the kinetic coefficient or in
thermal conductivity would be expected to lie in this class. For another example,
liquid nematic crystals have an orientational ordering characterized by a director
n; this anisotropy affects pattern formation during electrohydrodynamic convection
(Kai & Hirakawa 1978; Joets & Ribotta 1988).

5. Growth in the [100] direction: anisotropy delayed to cubic order

When the growth direction is [100], the effect of anisotropy first appears in the
coeflicients of the cubic terms in the amplitude equations. Linear pattern selection
is unaffected, and quadratic terms also remain unaltered.

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 5. Schematic bifurcation diagram for hexagons in the isotropic case. The amplitude |A] is
plotted against s for the roll-solution branch (labelled R) with |B| = |C| = 0, for the mixed-mode
branch (labelled M) with |A| constant and |B| = |C|, and for the two hexagon-solution branches
with |A| = |B| = |C|. Here unstable solution branches are indicated by dotted curves, and
stable branches by solid curves. The curves labelled H1 and H2 correspond to the solutions with
|A| = |B| = |C|, with &5 = 0 and ®s = 7, respectively. Branches where all three components of
the solution are stable are indicated by solid curves, and branches where one or more components
are unstable are indicated by dotted curves. Consequently, the behaviour of three growth rate
eigenvalues is projected onto the bifurcation diagram for one component, and in this way our
representation differs from the usual one.

(a) Roll/rectangle competition

Roll/rectangle competition for growth in the [100] direction is governed by the
equations

A
azg;f =sA — (a1|A]* + az| B]?) 4, (5.1a)
2dB 2 2
a d—,f=sB—(ﬂllBl + 32|A|*)B, (5.1b)
where
8a® 4 4 .2
o == + 12a%y4 + 3a” (s — 274) sin” 29, (5.2a)
8a’ 4 4 .2
B = 35 + 12a*y4 + 3a*(vs — 274) sin” 2(y) + 6), (5.2b)
8a’ 5 5
Qg = By = v(1—2v) — (2 —5v + 4v°) cos” 0

0= deos 072"
+2(2 — Tv 4 Tv?) cos*  + 8v(1 — v) cos® 6]
+8a*y4(1 + 2 cos? ) + 4a*(ys — 2v4) sin? 0
+3a4(75 — 274)[cos 26 — cos(4y + 20)). (5.2¢)

In the isotropic case, we have 5 = 24 = —% (McFadden et al. 1988). The effect of
anisotropy on the coefficients is shown in the parts proportional to v4 and to vs —2v4,
which appear only in the cubic terms. Note that all the coeflicients remain real, and

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 6. Schematic diagram showing changes in bifurcation structure with varying cp; here
0 < ay < B1. Insets shown above the ap-axis correspond to the two branches of roll solutions,
and insets below the axis correspond to the rectangular-solution branches. There are no rectangle
solutions in the shaded region.

Rolls

Figure 7. Schematic diagram showing changes in bifurcation structure with varying «s; here
a1 < 0 < Bi. Insets shown above the a-axis correspond to the two branches of roll solutions,
and insets below the axis correspond to the rectangular solution branches. There are no rectangle
solutions in the shaded region.

the coefficients of the linear terms are equal, just as in the isotropic case; only the
cubic coefficients are affected by the anisotropy.

(i) Owverview of stability conditions

The possible steady solutions are the trivial solution A = B = 0, A rolls at an
angle ¥ to the n axis, A # 0 and B = 0, B rolls at an angle ¢ + 6 to the n axis,
A =0 and B # 0, and rectangles, A # 0 and B # 0.

The stability results are summarized in figures 6, 7 and 8. For fixed values of a;
and (i, the figures show how the bifurcation structure changes as ay ranges over
various intervals. The region above the as-axis depicts the situation for the two roll
solutions, and the region below the axis is devoted to the rectangular solutions. In
the schematic bifurcation diagrams, stable (unstable) solutions are indicated by solid
(dashed) curves. In the isotropic case, we have ay = (3; > 0; see figure 6. The position
on the ay axis would depend on the value of 8. For ay < —a, rolls are supercritical
and unstable, while rectangles are subcritical and unstable. For —a; < as < a1, rolls

Phil. Trans. R. Soc. Lond. A (1996)
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B-.
N

A TNy

Rolls
a, B, (i o, B,
]
1 >

Rectangles o,(=8,)

Figure 8. Schematic diagram showing changes in bifurcation structure with varying «s; here
a1 < 1 < 0. Insets shown above the az-axis correspond to the two branches of roll solutions,
and insets below the axis correspond to the rectangular solution branches. There are no rectangle
solutions in the shaded region.

are still unstable and supercritical, but rectangles are now stable and supercritical.
Finally, if as > «y, rolls are stable and supercritical, while rectangles are unstable
and supercritical. When anisotropy is introduced, we find that «; and (; are no
longer equal in value. For weak anisotropy, we have the situation depicted in figure
6, where 8; > a; > 0 (or similarly «; > 1 > 0). This situation may persist for
stronger anisotropies. Alternatively, for large negative values of v5 — 24, one (figure
7) or both (figure 8) of oy and ) may become negative, depending on the values of
¥ and 6.

Figure 6 summarizes the results for the case 5; > a3 > 0, where the roll solutions
both bifurcate supercritically. For the roll solutions, the amplitude of the roll solution
branch with R4 # 0 (labelled ‘A’ in the insets) is larger than the amplitude of the roll
solution branch with Rp # 0 (labelled ‘B’). For ais > (31, both roll branches are stable.
For a; < a9 < f31, the A-roll is stable and the B-roll is unstable. For ay < ay, both
rolls are unstable. For the rectangular-solution branch, represented by the diagrams
below the axis, the branch is supercritical but unstable for ay > ;. The shaded
area represents the interval a; < as < ;1 where no rectangular solutions exist. For
—Va1 81 < as < ay, the branch is supercritical and stable. For ay; < —+/a3; the
branch is subcritical and unstable. In the case ay > (; > 0, this summary would
apply if a; and (1, and A and B were interchanged throughout.

Figure 7 summarizes the stability results for the case oy < 0 < ; in a similar
fashion. The A-roll is subcritical and unstable; the B-roll is stable for as > S
and is unstable for ay < B;. The rectangular solution branch is never stable; it is
supercritical for ay > 1, does not exist for a; < as < 1, and is subcritical for
ag < a1. Again, this summary is applicable to the case §; < 0 < a, if oy and Sy,
and A and B are interchanged throughout.

Figure 8 gives the linear stability results when oy < 8; < 0. Both A-rolls and
B-rolls are subcritical and unstable. The rectangular solution branch is never stable;
it is supercritical for ap > v/a13, subcritical for 8; < as < /a16;, does not exist
for oy < ag < By, and is subcritical for ag < 7. This summary applies to the case
01 < ay <0,if a; and 31, and A and B are interchanged throughout.

Phil. Trans. R. Soc. Lond. A (1996)
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(ii) Emistence and stability requirements for rolls and rectangles

The possible steady solutions are the trivial solution A = B = 0, A4 rolls at an
angle 9 to the n axis

|A]? = s/a; >0, B=0, (5.3)
B rolls whose axes are aligned at an angle (1 + 6) to the n axis
A=0, |B?=s/B >0, (5.4)
and rectangles
s(B1 — o)

o Slan —az)
(11 — a3) >0, 1Bl = (ufr —a3)

Rectangles do not exist in the case min(aq, £;) < ay < max(ay, f1).

The A rolls bifurcate supercritically if a; > 0, and subcritically otherwise. Simi-
larly, the B rolls bifurcate supercritically if 5; > 0, and subcritically otherwise. Rect-
angles bifurcate supercritically if (8; — as)/(181 — a3) > 0, and (aq — ) /(181 —
a2) > 0, and subcritically otherwise.

The stability of these solutions to amplitude perturbations is easily determined.
The trivial solution is stable when s < 0 and unstable when s > 0. A rolls are
stable when s > 0 and (1 — ag/;) < 0, and unstable otherwise. B rolls are stable
for s > 0 and (1 — a2/B1) < 0, and unstable otherwise. Rectangles are stable if
s(20181 — anan — Bras) /(a1 — a3) > 0 and (a1 — a2)(B1 — az2) /(a8 — a3) > 0,
and unstable otherwise. Note that for rectangles to be stable we must have s > 0.
Together with the existence conditions for rectangles, this implies that we must have
ay > 0 and By > 0 for stability.

In the isotropic case, v5 = 2v4 = —i; rolls bifurcate supercritically, since a? >
2 > 27/16. In the anisotropic case, however, rolls in certain parameter regimes may
bifurcate supercritically s > 0, or subcritically s < 0, depending upon the orientation,
1, of the roll. If y5 — 2y, < 0 and 8a%/9+ 1274 > 0, rolls in the vicinity of 1) = 0 and
/2 are supercritical, the exact range being given by

80,2/9 =+ 12’)/4
3(vs — 2va)

At all other angles, rolls are subcritical. If 5 — 274 > 0 and 8a%/9+12v, > 0, rolls are

supercritical at all possible angles 1. If 8a?/9 + 12y, < 0 and 8a?/9 + 64 + 375 > 0,

rolls in the vicinity of ¢y = n/4 and 37/4 are supercritical, the exact range being
given by

|A]? = > 0. (5.5)

0 <sin®2y < — (5.6)

8a%/9 + 1274
3(vs —27a)
Rolls at other angles are subcritical. If 8a%/9 + 124 < 0 and 8a?/9 + 674 + 375 < 0,
rolls are subcritical at any angle ¢. The fourfold symmetry associated with the [100]
direction is reflected in the orientation of sub- and supercritical rolls. This is shown
in the sin? 2¢) dependence of o .

To investigate the effect of anisotropy on the existence and stability of rectangles,
we will consider the special case of squares, where § = 7/2. The coupling coefficients
are then given by

ay = B = 8a°/9 + 12a*v, + 3a*(ys — 274) sin? 29, (5.8a)
Phil. Trans. R. Soc. Lond. A (1996)
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s = 8a°v(1 — 2v) + 2a*(ys — 274)(2 — 3sin® 2¢) + 8a’n,. (5.8b)

Squares bifurcate supercritically if
3a*(v5 — 274) sin® 24 < 8a%(1/9 4+ v — 20%) + 12ay, + 4a~s, (5.9)

and subcritically otherwise. Consequently, in certain parameter regimes, the direction
of bifurcation will depend on the orientation, v, of the squares. If 8a%(1/9 + v —
20%) + 1274 + 45 > max{0,3(y5 — 274)}, then squares at all orientations bifurcate
supercritically. If 8a(1/9+v — 2v?) + 127, + 475 < min{0, 3(y5 —2v4)}, then squares
at all orientations bifurcate subcritically. When 3(ys — 2v4) > 8a%(1/9 +v — 2v?) +
1274 + 475 > 0, squares bifurcate supercritically for orientations close to ¢ = 0, 7/2,
the exact range being given by sin® 2¢) < {8a?(1/94v—202)+12v4+475}/3(v5 —274),
and subcritically otherwise. When 3(7y5 — 2v4) < 8a*(1/9+v —2v2) + 127, + 475 < 0,
the squares bifurcate supercritically for orientations close to ¢ = w/4, 3n/4, the
exact range being given by sin® 2¢» > {8a2(1/9 4 v — 202) + 1274 + 475} /3(7s — 274),
and subcritically otherwise. This behaviour contrasts with that in the isotropic case
where squares bifurcate supercritically if —13/9 + 32v — 5912 > 0, and subcritically
otherwise, for all orientations . In other words, in the isotropic case the value of
v is enough to determine the direction of bifurcation. When anisotropy is present,
however, the bifurcation can be either sub- or supercritical at one given value of v
depending upon the orientation of the pattern.

For s > 0 and a; > 0, rectangles are the stable preferred pattern when —a; <
as < aq, and rolls are the preferred pattern for an, > «;. In the isotropic case,
we have a; = 8a°/9 — 3a*/2 > 0 and ay = 8aSv(1 — 2v) — a*. Then o — ay is
positive if (23/9 — 32v + 65v%) > 0, and negative otherwise, while o + oy is positive
if —13/9 + 32v — 5902 > 0 and negative otherwise. So in the approximate range
0.1 < v < 0.4, we have as > a;y and roll solutions are the stable, preferred modes.
Squares bifurcate supercritically in this range, but are unstable to a symmetry-
breaking perturbation. (This range includes the value v ~ 1/3 that is appropriate
for the roll-hexagon competition for & ~ 1 considered by Brattkus & Davis (1988).)
For values of v outside this range, roll solutions are unstable. Square solutions are
stable immediately outside this range, where —a; < as < «y; in these intervals,
squares bifurcate supercritically and are the preferred mode. For extreme values of v
near v = 0 and v = 1, we have oy < —a; < 0, and the squares bifurcate subcritically;
in these intervals there are no stable solutions of either type.

For squares in the presence of anisotropy, we find that

) — g = 8a8(1/9 — v+ 20%) + da*yy + a*(v5 — 274) (9sin® 29 — 4).

Considering the effect of each of the two components of anisotropy v, and (5 — 27v4)
separately, we find that increasing 4 above its isotropic value of — é, increases o — g
and so favours stable squares over rolls, whereas increasing -5 — 24 above its isotropic
value of zero, increases oy — v if sin® 2¢p > 4/9, thus favouring stable squares, and
decreases the value of a; — as otherwise, favouring stable rolls.

(b) Roll/hexagon competition
Roll/hexagon competition is governed by the amplitude equations,
a’Ap = sA+ aBC — [ + ps(P)]|APP A = [p2 + pa(4)]|BI* A
[tz + palep — 2m/3)||CI2A, (5.10a)

Phil. Trans. R. Soc. Lond. A (1996)
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a’Br = sB+ aCA — |1 + ps(y + 27/3)]|BI°B
~[uz + pa(y + 20 /3CPB — [p2 + pa(¥)]| AP B, (5.100)

a’Cr = sC + aAB — [y + uz(y — 27/3)]|C12C
—[p2 + pa(yp = 21 /APC — [p2 + pa(y + 27/3)]| BPC, (5.10¢)

where
= 3(1-3v)a* (5.11q)
=2(1+ 674) , (5.11b)
= (9/4 +127)a’, (5.11¢)
I (9) = 3a" (75 — 24) sin® 26, (5.11d)
pa(0) = 2a*(vs — 27v4){2sin*(20 + 27/3) + sin 20sin(20 — 27/3)}.  (5.11¢)

If |1 — 3v| is a unit-order constant, we must truncate the amplitude equations at
second order, whereas if |1 — 3v| is small, third-order terms must be included. In
calculating the coeflicients of the cubic terms, it is assumed that |1 — 3v| is indeed
small, from which we also deduce that a? = 9/4. The limit v ~ 1/3 is the limit k — 1
at constant M (fixed undercooling) and constant I' (fixed surface energy), and was
investigated in the isotropic case by Brattkus & Davis (1988). The anisotropy appears
in the coeflicients of the cubic terms. Once again, it is only the real parts of the cubic
coeflicients which are affected by the anisotropy; all the coefficients are real, and the
linear and quadratic coefficients are unchanged from their values in the isotropic
case.

Note that when the surface energy is isotropic, 2v4 = 75 = 4, the cubic co-
efficients take the forms p; = a*/2 > 0 and p; — py = —a*/4 < 0, so that the
bifurcation structure is as depicted in figure 5. When anisotropy is lntroduced we
shall see that we no longer find perfect hexagons R4 = Rp # 0. Owing to the loss
of symmetry, there is no longer a clear distinction between mixed modes (R4 # Rp)
and hexagon-type solutions. The mixed-mode and hexagon solution branches merge
into each other, and the sharp intersection between them breaks. We shall assume
that the departure from isotropy is small with |5 + 1| < 1 and |y4 + ;| < 1, so that
the modifications to the underlying bifurcation structure of the isotropic case will
also be small. In particular, we shall require p; + p3(6) > 0, so that rolls bifurcate
supercritically.

To understand the bifurcation structure of the amplitude equations, it is helpful
to consider the special case 1 = 0, where the axis of one roll is aligned along one of
the crystalline axes. This means that the system has twofold symmetry about the
crystalline axis. Steady solutions are given by

A= Ry B=Rge?? (= Rce'?e, (5.12)
with
0=3sRs+aRpRc — R — M\ (R% 4+ R%)R,, (5.13a)
0=3sRp +aRsRc — (11 + A2)RY — (M1 — 2X0)REZRp — M R4 R, (5.13b)
0=sRc+aRaRp — (11 + A2)R: — MR Re — (M — 2X2)R%L R, (5.13¢)
where A\; = p2+44(0) and Ay = —9a*(2v4—~3)/4. If R4, Rp and R¢ are all non-zero,
Phil. Trans. R. Soc. Lond. A (1996)
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Pattern selection with anisotropy 2933
we also have
Sil’l(@A + &5+ @C) =0. (514)
Consider solutions with Rp = R¢c. These are given by
0=sRa+aR% — 1R — 2)\ R4 R4, (5.154)
0=sRp+aRsRp — (1 + A1 — A\2)RY — \\ R4 Rp. (5.15b)
First consider A\, = 0, which includes the isotropic case 2y, = 5 = —}1. Steady

hexagons are given by Ry = Rp # 0, with s + aR4 — (1 + 2\)R% = 0; if &4 +
P+ Pc = 0, the hexagons are ‘nodes’, whereas if P4+ &5 + P = 7, they are ‘cells’
(Morris & Winegard 1969). There are also mixed modes (‘Class V' solutions) with
Ra=—af(p1 — A1) and (1 + M )R%E = s — pia® /(g — Ap)?. Steady rolls are given
by R% = s/u1, Rp = 0. The mixed mode solution branch intersects the hexagons at
s = a*(2p1 + A1)/ (p1 — A1)?, and the branch of roll solutions at s = p;a®/(py — Ap)2.
If we plot R4 against s, the intersection of the mixed mode and hexagon solutions
is sharp as shown in figure 5.

Now if anisotropy is introduced, so that Ay # 0, perfect hexagons R4 = R # 0
are no longer steady solutions. We have lost symmetry, and there are no nontrivial
solutions with R4 = Rp. Consequently, there is no longer a clear distinction between
mized modes, which have R4 # Rp even in the isotropic case, and hezagon-type
solutions. It might then be expected that the mixed mode and hexagons merge into
each other, and that the sharp intersection between them breaks. This is indeed what
happens, as shown in figure 9. The control parameter s and the amplitude R4 are
related by
(I (i + M1 = A2) — 2X2)R2 + 3\ aR4 — a®} Ry

[a + (Ul - )\1 — /\Q)RA] ’
The manner in which the intersection of the hexagon and mixed modes splits depends
on the sign of ;. Figure 9 illustrates the effect of varying Ao; the bifurcation diagrams
for the cases (a) Ay = 0, (b) A2 < 0 and (¢) A\ > 0 are shown. With A\, = 0, the
bifurcation structure is identical to that in the isotropic case. Rolls, mixed modes,
nodes and cells all exist, and are distinct from each other. There is a bifurcation
between mixed modes and hexagonal nodes. When Ay # 0, the rolls remain distinct
from the other solutions, but there is no longer a clear separation between mixed
modes and hexagonal nodes or cells. The bifurcation between mixed modes and
hexagonal nodes has been replaced by a merging of the mixed mode and hexagonal
node solution branches. For Ay < 0, the left-hand mixed mode merges with the left-
hand node, and the right-hand mixed mode with the right-hand node, whereas for
A2 > 0, the left-hand mixed mode merges with the right-hand node and vice versa.
In other words, the bifurcation is now imperfect. In all three cases, the mixed-mode
solution bifurcates from the roll solution at s = p1a?/(u; — A\1)2.

If we allow 9 to be non-zero, the analysis is much more complex, although for
|| < 1, there are some interesting results. To first order in v, we find that the cubic
coefficients p3 and pg4 are given by

S =

(5.16)

pn3(¥) =0, (5.17a)
ps (9 + 27/3) = 3a* (75 — 27a) (3/4 + V3y), (5.17b)
pa(t — 27/3) = 3a* (v5 — 2v4)(3/4 — V/34), (5.17¢)
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2934 R. B. Hoyle, G. B. McFadden and S. H. Davis
(a)

Figure 9. Bifurcation diagrams for imperfect hexagons in the [100] case, with (a) A2 = 0, (b)
A2 < 0, (¢) A2 > 0. The amplitude R4 is plotted against s. For A = 0, the branches are
labelled as in figure 5. When A\ # 0, the roll-solution branch with Rp = Rc = 0 is labelled
R, and the two combined mixed-mode and hexagon branches with 0 # R4 # Rp = Rc # 0
are labelled MH1 and MH2. The curves labelled MH1 and MH2 correspond to solutions with
®s = 0 and s = m, respectively. Branches where all three components of the solution are
stable are indicated by solid curves, and branches where one or more components are unstable
are indicated by dotted curves. Consequently, the behaviour of three growth rate eigenvalues is
projected onto the bifurcation diagram for one component, and in this way our representation
differs from the usual one.
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Pattern selection with anisotropy 2935
pa(¥) = 3a* (s — 27va) (1 — 2v/39), (5.17d)
pa(t 4 21 /3) = =3a* (s — 294) /2, (5.17e)
pa(y = 27/3) = 3a* (75 — 2v4) (1 + 2V/39)). (517 f)

The steady solution to the amplitude equations for small ¢ is expected to differ only
slightly from the solution in the case ¥ = 0. Consequently, we write

A=Rs(1+7)e'®*, B=Rg(l+0bel?, C=Rp(l+c)e?e, (5.18)
where R4 and Rp are the steady solutions for the ¢ = 0 case, as discussed above,
7|, b], |¢| < 1, and where

Sil’l( @A + @B + @C) =0. (519)
Substituting these expressions into the amplitude equations, we find that
_ 3V3a'(ys — 274)9Y (2R} — R})
2[aRa + (p1 — M1+ 3X)RE]
So as 1 increases slightly from zero, the B and C roll amplitudes split away from
each other symmetrically, while the A roll amplitude remains constant. The imperfect

bifurcation structure discussed above for the ¥ = 0 case remains embedded in the
more general case of small 1.

r=0(¢2), b= —

(5.20)

6. Growth in the [111] direction: anisotropy delayed to quadratic
order

For solidification in the [111] direction, anisotropy does not affect linear pattern
selection, but does alter the coefficients of both the quadratic and cubic terms in the
amplitude equations.

(a) Roll/rectangle competition

Roll/rectangle competition for growth in the [111] direction is governed by the
equations

a®Ar = sA — (ay, +ioy;)|AIPA — (g, + iag;)|B|?A, (6.1a)
a®By = sB — (B, +iB1)|BI*B — (Bar +if2:)|A|* B, (6.1b)
where
a1, = 5a° — 3a* — 2a*43 cos® 3y, (6.2a)
a1y = 30’43 cos 3up, (6.2b)
Brr = 2a® — 2a* — £a"43 cos® (3y + 30), (6.2¢)
Bri = 5a°43 cos(3y + 36), (6.2d)
Qg = Por = —a*(3cos? 6 4 sin” )
+—————§26——,————{y(1 —2v) — (2 = 5v + 4v?) cos® 0
(1 —4cos?6)?
+2(2 = Tv + 7Tv*) cos* 0 + 8v(1 — v) cos® §}
4a4ﬁ/§ 2 2 2
—m—e?{[cos (3¢ +20) + cos*(3¢) + )] (1 + 4 cos® 6)

—8cos 6 cos(3¢y + 20) cos(3¢ + )}, (6.2¢)
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5 A
- —(1_4%2——9—5{008(?@ +20) cos 20 + cos(3¢ + 6) cosB), (6.2 f)
Jé; '——ﬂ—m{ 0s(31) + 260) cos 0 + cos(3y + 6) cos 20} (6.29)
T (1 —4cos?0) o8 ’ <9

The coefficients of the linear terms are unchanged from their values in the isotropic
case, and both remain real. The effect of anisotropy is shown in the coeflicients of
the cubic terms, which now have imaginary parts proportional to 73, whereas in
the isotropic case, they were purely real. There are also changes to the real parts,
proportional to 43.

If the solutions are written in polar form by setting

A(T) = Ry(T)e!?4®), B(T) = Rg(T)e!?=®), (6.3)

then the resulting equations have the form

aQ% = sRa — (a1, R} + s, R%)Ra, (6.4a)
WS = SRy — (61, + 62 R R, (6.40)
aQ% = —o;R% — ag;R%, (6.4¢)
aQ% = —B1R% — BuRE,. (6.4 d)

The amplitudes and phases of the solutions decouple, and stability is determined
by the evolution of the amplitudes. As in the [100] case, there are A-roll, B-roll and
rectangular solutions. The phases ¢, and @5 may evolve in time, leading to travelling
wave solutions, but the phase evolution does not affect the stability characteristics.
In fact, the general stability results summarized in §5a (i) and explained further in
§5a(ii) hold if oy, ap and f; are replaced by ai,, ag, and [y, respectively.

(i) Overview of stability conditions

For 73 = 0, the system is isotropic. As in the case of [100] growth described above,
the effect of surface-tension anisotropy can be deduced by considering the dependence
of a1, and ;- on the anisotropy coefficients. Both «y, and as, depend on ’)732; with
no anisotropy, the schematic diagram shown in figure 6 degenerates into a version
appropriate to the case ay,, = 81, > 0, and the stability results for the isotropic case
can be recovered from these figures in that limit.

The effect of anisotropy with 3 # 0 is to modify the real parts of the coefficients
a1 and f; so that they are less than o = 8a%/9 — 3a*/2, the value in the isotropic
case. In the isotropic case each set of rolls bifurcates supercritically, since ag > 0.
In principle, for large enough anisotropy one or both of the coefficients oy, and
(1 can become negative, so that both sets of rolls are subcritical, or one set is
subcritical while the other set is supercritical. The stability results for these cases
are summarized in figures 7 and 8, if ay, ap and (B are replaced by ay,, ao, and By,
respectively.
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(if) Ewzistence and stability requirements for rolls and rectangles
The system admits A rolls with

R% =s/o,, Rp = 0; (6.5)
they are stationary if cos 3y = 0, and travelling otherwise. Similarly, B rolls
R4 =0, R} = s/Bur, (6.6)

are stationary if cos(3¢ + 36) = 0, and travelling otherwise. The phase velocity is
proportional to 73, and to the square of the amplitude of the interface deformation.
As for the [100] direction, A rolls are stable when s > 0, (1 — ay,./ay,) < 0, and B
rolls are stable for s > 0, (1 — aa,./f1,) < 0.

There are also rectangular solutions

Rg == 3(a2r - ﬁlr)/(a%r - O‘lrﬂlr)a (67 Cl)
S2 = s(ag, — ay,)/ (a2, — a1.B1,), (6.7b)
where (a%r — ay, 1) is assumed to be non-zero. They are stationary if
0= (,YMR?) + Oézisg, (68 (l)
0= ﬁlng -+ ﬂziR%, (68 b)

and travelling otherwise. The phase velocity is proportional to 3, and also depends
on the squares of the amplitudes R4 and Rp. As for the [100] case, rectangles do
not exist in the case min(oy,, f1,) < ag, < max(ay,, 1), and are stable if

8(2alr/61r — O1pQp — ﬁ].TQZT) > 0 and (alr - a2r)(ﬂ1r - a2r)

> 0.
(1,1 — 03,) (o1, B1r — a3,)

The rectangles bifurcate supercritically if (81, — ag,) /(1,01 — @2,) > 0, and hence
also (a1, — ag,)/ (1,1 — @2,) > 0, and subcritically otherwise.

To illustrate the effects of anisotropy, consider the specific example of squares
(0 = mw/2) at an arbitrary angle 9 to the crystalline axis. The coefficients of the
cubic terms take the form

ar, = 8a® — 3a* — 2a*43 cos® 3y, (6.9a)
oy = §a5’yg cos 31, (6.9b)
Bir = 8a® — 2a* — 2a"42 sin® 3y, (6.9¢)
Bi; = 2a°43 sin 3y, (6.9d)
Qop = Py = —a* + 8av(1 — 2v) — 4a*42, (6.9€)
i = —4a’43 cos 3y, (6.9 f)
Bai = —4a 43 sin 31). (6.99)

Using these coefficients, it easy to show that both the A and B rolls bifurcate sub-
critically if

(16a — 27) /842 < sin® 3¢ < 1 — (16a* — 27) /853, (6.10)
whereas both sets of rolls are supercritical if
1 — (16a? — 27) /842 < sin® 3¢ < (16a? — 27)/84%. (6.11)
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2938 R. B. Hoyle, G. B. McFadden and S. H. Davis
The A rolls bifurcate subcritically while the B rolls bifurcate supercritically if

sin® 31 < min{(16a® — 27)/84%,1 — (16a* — 27)/8%3}, (6.12)
and the B rolls are subcritical while the A rolls are supercritical if

sin? 31 > max{(16a* — 27)/8%3,1 — (16a® — 27) /843 }. (6.13)

It is possible to have one set of rolls bifurcating subcritically, and the other super-
critically, and yet to have rectangles existing. This occurs if s > 0, oy, < 0 and
ag, > max(ay,, f1,), when the rectangles are supercritical, or if s < 0, a8, <0
and g, < min(ay,, 01,), when the rectangles are subcritical.

(b) Roll/hexagon competition
Roll/hexagon competition is governed by the amplitude equations,

a*A; = sA+ (o + i) BC — La*|APA - 3a*(|BI* + |C|*)A,  (6.14q)
a’B, = sB + (o, +i0;)CA — 1a*| BB — 3a*(|C* + |A]*)B,  (6.14b)
a’Cy = sC + (o, +ia;) AB — 3a*|CPC = 3a*(JA]? + |BI*)C,  (6.14¢)
where
o = 3(% —v)at, (6.15a)
o = —4sa® cos 31. (6.15b)

The effect of the anisotropy is seen in the coeflicient of the quadratic terms, which is
purely real in the isotropic case, but has an imaginary part proportional to 43 when
there is anisotropy. We can write the coefficient of the quadratic term in the form

5(3 —v)a* —iza® cos 3y = Ae'”, (6.16)

where A > 0. If X is a unit-order constant we must truncate the expansion at second
order, whereas if X\ is small, the third order terms must be included. Once again,
the coefficients of the cubic terms shown here are appropriate for the case when A is
small.

If the amplitude equations are truncated at quadratic order, they are equivalent
to those considered by McFadden et al. (1988), and their analysis applies. There are
steady-state solutions of the form

A= Rue'? B =Rpe'?, C=Rce?, (6.17)
where Ra, Rp, Rc > 0. We then have
0=sRs + ARpRce'”s, (6.18)

where &g = (¥ — [Py + Pp + Pc]). Two other equations obtained by cyclically
permuting the subscripts {4, B,C} also hold. It follows that if one of R4, Rp and
R vanish, they all vanish; also, if they are all non-zero, then they are equal, with
RA = RB = R() = R() 7é O, say. We then have
sin &g = 0, (6.19)
and
s = — ARy cos Dg, (6.20)
so that A = 1/A, and ®g is an odd integer multiple of 7 on the supercritical branch
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(s = 1), and is an even multiple of 7 on the subcritical branch (s = —1). The only
constraint on the three phases @4, @5 and &¢ is that they must sum to ¥ — $g. As
discussed in McFadden et al. (1988), depending on the value of ¥, these solutions
have a three-fold symmetry, but not necessarily a six-fold symmetry; we shall discuss
this point in more detail below.

A linear stability analysis of the bifurcating solution in which both the amplitude
and phase of the solutions are perturbed shows that these solutions are unstable:
the supercritical solution branch is amplitude-unstable to two normal modes and
phase-unstable to another, and the subcritical solution branch is amplitude-unstable
to a single normal mode.

Following Brattkus & Davis (1988), stable solution branches can be found through
a higher-order analysis in the case that the quadratic coefficient A is small; this
requires the distribution coefficient to be near unity and the anisotropy coefficient
3 to be small. In this case, third-order terms must be included in the amplitude
equations.

When the orientation of the pattern is such that cos 3y = 0, these equations are
identical to those considered by Brattkus & Davis (1988). When cos 3¢ # 0, we have

0=sRa+ ARpRce'® — LR, {R% + 3(R% + R%)}, (6.21)

for steady-state solutions. T'wo other equations obtained by cyclic permutation of the
subscripts {A, B, C'} also hold. The effect of the anisotropy is contained in the phase
¥ that appears in the term @g. The formal structure of the steady-state equations
is therefore unaltered by the addition of anisotropy in this approximation, and the
corresponding bifurcation diagram, shown in figure 5, is equivalent to that shown by
fig. 8 of Brattkus & Davis (1988). For example, rolls bifurcate supercritically, and the
roll described, say, by R} = 2s, with Rg = R = 0, is unstable at small amplitudes,
and regains stability for R4 > 4\ (s > 8\?). The solutions considered above with
Ra = R = R¢ # 0 again bifurcate transcritically, and the subcritical branch reaches
a limit point with R4 = A\/4 for s = —\?/8, and, for larger amplitudes, is stable
until it loses stability for R4 > 4\ (s > 28)?%). (This change in stability is due to
a secondary bifurcation of the unstable mixed-mode solution (Segel & Stuart 1962),
which is also responsible for the stability change of the roll solutions.) The effect of
anisotropy enters through the numerical value of A, which increases monotonically
with the magnitude of 73 cos31); as |¥3 cos 3| increases, the range of stable rolls
decreases, and the range of stable solutions with R4 = Rp = R¢ # 0 increases. We
note that even for v3 # 0, if the orientation of the pattern is such that cos 3y = 0,
the anisotropy has no effect and the isotropic solution results.

As described in McFadden et al. (1988), the solutions with R4 = Rg = R¢ # 0
represent hexagons with six-fold symmetry for ¥ = 0; the stable branch corresponds
to solute distributions that are denoted (Morris & Winegard 1969) as ‘nodes’. For
0 < ¥ < /2, the stable solutions with R4y = Rg = R¢ # 0 have three-fold but not
six-fold symmetry, and for ¥ = 7 /2, the interfacial pattern is triangular; examples
are shown in figure 10.

7. Growth in the [011] direction: linear selection by anisotropy

When growth is in the [011] direction, anisotropy causes the linear growth rate of
disturbances to be dependent upon their orientation. As a result, rolls aligned along
one of the two symmetry axes are selected close to the onset of instability.
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Figure 10. Effect of anisotropy on interface shape for growth in the [111] direction. The
diagrams show a surface plot of the scaled interface position, F = §{Ae fa(g cos p+n S“”l’)
+Be|a{§cos(w+27r/3) nsin(y+2m/3)} +C ia{¢ cos(yp—2m/3)+n sin(yp—27/3)} +CC} where A = RAe
B = Rpel?s and C = Rce‘qsc7 with a contour plot projected onto a horizontal plane below
We take Ra = Rp = Rc = 0.05 and &4 = P = ¢ = ¥/3, corresponding to the solution
branch with s = ¥ — (P4 + P + P¢) = 0; here ¥ is a phase angle determined by the degree
of anisotropy; (a) ¥ =0, (b) ¥ =n/4, and (¢) ¥ = 7/2.
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(a) Roll/rectangle competition
Roll/rectangle competition is governed by the equations

a®Ar = (s — 81)A — a1|A|PA — oy B]?A, (7.1a)
G,QBT = (S — 82)B — ﬂ1|B|2B — ﬂ2|A|2B, (71 b)
where
S 2
81 = %ﬁi sin® 9, (7.2q)
2v49a?
2= 7 1? n’(¢ + 0), (7.20)
o o1 = 8a® 4+ 12ayy + 12a sin® Y[(v6 — y4) sin® ¥ + (75 — 274) cos® Y], (7.2¢)
e B = §a° + 12a%, + 12a* sin® (¢ + 0)
;ﬂ — x[(v6 = va) sin® (¢ + 0) + (75 — 27a) cos® (v + 6)], (7.2d)
6
oln e — 2 o) (2 2) cos?
= g ay = (s (1= dcod? 9)2[1/(1 2v) — (2 —5v +4v*) cos” §
= O +2(2 — v + Tv?) cos* 6 + 8v(1 — v) cos® 6]
E 8 +8a*v4(1 + 2cos? 0)

+2a* (75 — 2v4)[25in® (29 + 0) + sin(2¢ + 26) sin 2¢)]
+24a*(v6 — y4) sin® ¢ sin® (1 + 6). (7.2€)

In the isotropic case, we have 45 = 0, v5 = 274 = 25 = —}I (McFadden et al. 1988).
Anisotropy leads to different linear growth rates for the A and B rolls; in other
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Amp

0

Figure 11. Bifurcation diagram for rectangles in the [110] case. The amplitudes of the two
component rolls, labelled R4 and Rg, are plotted against s, along with the amplitudes of the
two rectangle components, labelled S4 and Sp. The curves labelled R4 and Sa actually lie in a
plane perpendicular to that containing the curves labelled Rp and Sp, although they are drawn
against the same axes here for convenience. Consequently, it should be borne in mind that the
curves Rp and S4 do not actually meet. Unstable solutions are indicated by dotted curves, and
stable branches by solid curves.

words, we have s; # sp. There are also changes in the cubic coefficients, although all
remain purely real.

(i) Summary of the effects of anisotropy on roll and rectangle solutions

In contrast to the isotropic case, where both roll and rectangle solution branches
bifurcate from the trivial solution at the origin (A = B = s = 0), we shall see that in
the presence of anisotropy, the rectangles bifurcate from one of the roll solutions, and
each set of rolls bifurcates separately from the trivial solution (figure 11). Close to
onset, we find only roll solutions, as expected from the linear analysis; the anisotropy
favours rolls that are aligned along one or other of the symmetry axes according to
the sign of 45. Far from onset, the linear effects of anisotropy are less noticeable,
and the changes in the existence and stability requirements for steady solutions are
influenced primarily by anisotropy at cubic order; this situation is very similar to
that of growth in the [100] case, and the general stability results summarized in
§5a (i) hold with the new definitions of oy, £; and as.

(ii) Ewistence and stability requirements for roll and rectangle solutions
The trivial solution A = B = 0 is stationary, as are A rolls

|A? = (s — s1)/a1, B=0, (7.3)
and B rolls B2 = (s — 83)/B1, A=D0. (7.4)
Rectangles
2 [8(B1 — aa) — (B1s1 — 282)] 2 [s(on —ag) — (a183 — ag81)]
A" = P , B = By~ (7.5)

are another steady solution.
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A rolls bifurcate supercritically if @; > 0, and subcritically otherwise. They are
stable for s > s; and s — 59 — as(s — s1)/a1 < 0, and unstable otherwise. B rolls
bifurcate supercritically if 8; > 0, subcritically otherwise, and are stable for s > s,
and s — s; — aa(s — s2)/B1 < 0, unstable otherwise. If 45 > 0, then whichever set
of rolls has its axes more nearly aligned along the n axis bifurcates from the zero
solution first (i.e. at a lower value of s). However, if 45 < 0, then the set of rolls whose
axes are more nearly aligned along the ¢ axis bifurcates first. In both cases, if this
set of rolls bifurcates supercritically, then it is also the stable solution near onset. In
other words, linear selection picks rolls aligned in the direction that maximizes their
growth rate.

Rectangles exist for

81 — (iSy (189 — (g8 .
s>ma,x[ﬁ11 272 1%z 21] if g1 >0, go >0, (7.6)
B — s a1 — Qg
81 — (g8 Q189 — a8y .
Ll LIS Tl T PR (7.7)
B — ag a1 — Qg
189 — (g8 S1 — Qg8
as— s o Pis = ces if g <0, g >0, (7.8)
Q1 — Qg ﬂl—CVQ
. 81 — (iaSy (1183 — (g8 .
s<m1n[ﬁ11 272 172 21} if 1 <0, g <0, (7.9)
51—042 Qp — Qg
where
B — g Q1 — Qg
Q=77 Q=— 7.10
1681 — 04%’ a1 — 04% ( )

They are stable if a; > 0, 81 > 0 and oy 3; > 2.

The rectangles do not bifurcate from the origin (A = B = s = 0), owing to the
different linear growth rates of the constituent rolls. One of the rectangle components
bifurcates from one of the roll branches, and the other component bifurcates from
zero at the same value of the bifurcation parameter. For example, if ¢; > 0, gz > 0
and (182 — asy) /(a1 — ag) > (151 — @esa)/(B1 — az), then for s < s, = (182 —
ags1)/(aq — ag), there are no rectangles, because the relevant S2 is negative. At
S = S84, the A roll branch and the A component of the rectangle branch meet. In
other words, the A component of the rectangles branches off from the A rolls, and
the B component of the rectangles bifurcates from zero at s = s,. So close to onset,
there are only roll solutions, as expected from the linear analysis. Figure 11 shows
the bifurcation diagram in the case sy > s1, a; > 0, 81 > 0, a1 81 > 2.

(b) Roll/hexagon competition
Hexagon/roll competition is governed by the equations

a®Ar = [s = 3(¥)]A + aBC — i (Y)|APA — pa(v)| B A

—p2 (¥ — 2m/3)|C|* A, (7.11a)
a*Br = [s — 3( + 27/3)|B + ¢ AC — pa ( + 27/3)| B|*B

(9 + 27/3)|C2B — pa(v)| A2 B, (7.110)
a*Cr = [s — 8(¢ - 27/3)|C + aAB — i (v — 27/3)|C|*C

—p2 (¥ — 27/3)|APPC — o (4 + 21/3)| B|*C, (7.11¢)
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where
A 21/’?20/2 .2
8(¢) = —1—_—1/‘*—8111 (z), (712@)
(= Fa®sin® ¢, ) (7.12b)
a = (1-3v)a*/2, (7.12¢)

p1(¢) = 2a* + 12a*y4 + 12a* sin® ¢[(y6 — 7a) sin® ¢ + (75 — 2y) cos” ¢, (7.124)
pa(¢) = Sa* +12a*ys + 2a* (v — 2v4)[28in*(2¢ + 27/3) + sin 2¢ sin(2¢ — 27/3)]
+24a* (v6 — 4) sin® ¢ sin® (¢ + 27/3). (7.12€)

If |1 — 3v/| is of unit order, the equations must be truncated at second order, whereas
if 3v ~ 1, cubic terms must be included. The coeflicients of the cubic terms given
above are appropriate when |1 — 3| is small (recall that we then have a? = 9/4). In
this case, the coefficients of the linear terms are also affected. The first expression
given for § is for general v, while the expression in brackets holds for the case 3v ~ 1
small, when cubic terms are included. In the isotropic case, we have 4, = 0, i.e.
3(¢) =0, and v5 = 274 = 276 = —; (McFadden et al. 1988). Anisotropy results in
the A, B and C rolls all having different linear growth rates, and also changes the
coefficients of the cubic terms, although the quadratic coefficients are unchanged.

(i) Summary of the effects of anisotropy on hexagonal solutions

The anisotropy appears here at linear order; the linear growth rates of the three
sets of rolls are all different. Consequently, the three rolls bifurcate from the trivial
solution separately, and the hexagons do not bifurcate from the origin, as they would
in the isotropic case (figure 5). As in the case of roll/rectangle competition, rolls
aligned along one or other of the symmetry axes are favoured. We shall see that
hexagonal nodes bifurcate from the leftmost roll branch, and cells from the rightmost
(figure 12). Far from the origin, the bifurcation structure is the similar to that in the
[100] case. Again, there is no clear distinction between mixed mode and hexagon-type
solutions, owing to the effect of anisotropy on the cubic coefficients.

(ii) Bifurcation structure for hexagonal solutions

Hexagons do not bifurcate from the origin, since the linear growth rates of the
three sets of rolls are unequal. Note that the leftmost roll branch is once again
that which is most nearly aligned along the 7 axis if 45 > 0, and that most nearly
aligned along the £ axis if 42 < 0. In addition, we shall see below that if it bifurcates
supercritically from the zero solution, it is stable at onset; the anisotropy linearly
selects rolls aligned along one or other of the symmetry axes.

A simplified notation will be used here; we shall write s; = §(¢), s2 = §(¢+27/3),
s3 =8¢ —2m/3), p1 = (), p2 = p2(¥) and pg = pa(yp — 2m/3). A linear stability
analysis of the A roll solution A = Ry, R3 = (s —s1)/p1, B = C = 0, shows that the
rolls are stable if

s> sy, (7.13a)
25 — 83 — 83 — (g + p3) RE < 0, (7.13b)

(5 —82)(s — 83) — (5 — 83) o R — (5 — s2) s R3 + popz Ry — o®R2 > 0. (7.13¢)
Consequently, if s; < 89, 81 < 83, so that the A roll branch is the leftmost, and if it
bifurcates supercritically, so that s > s1, then the A rolls are stable at onset.
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Figure 12. Schematic bifurcation diagram for hexagons in the [110] case. A region close to the
origin is depicted. The amplitudes of all three component rolls, labelled R4, Rp and R¢, are
plotted against 3, along with the amplitudes of the hexagonal nodes (labelled H1) and the
hexagonal cells (labelled H2). Unstable solution branches are indicated by dotted curves, and
stable branches by solid curves. Close to the origin, both hexagonal nodes and cells are unstable,
but far away from the origin, the node branch is expected to turn around, and become stable.

There are two bifurcation points on the roll solution, where the linear growth rate
of perturbations is zero, one at each of the values of s which are the roots of the
equation

$* (13 — pape — papis + piops)
(=82 — s3] + p1fiaSs + pafiast + papiaS1 + pipase — 2piafisst — 1o’
+(/[f3233 — [i1 28183 — [ J3S1Se + pia’s + pzugsf) = 0. (7.14)

In the isotropic limit, where s1 = s; = s3 = 0, and p3 = pg, the roots to this
equation are given by s = 0 and s = pya?/(u1 — p2)?, the latter being the position
of the bifurcation to mixed modes, and the former being the position of the primary
bifurcation, to rolls and hexagons. If s; — s; is small, we find that the s = 0 root
moves to s = s; + §, where § = u;(s1 — s2)(s1 — s3)/a® + O({s; — s;}). The
bifurcation point lies on the branch of roll solutions if RZ = (51 —s3)(s1 —s3)/a? > 0,
ie. if s < min(sg,s3) or s; > max(sy,s3). So this bifurcation point occurs on
the leftmost and the rightmost of the three roll solution branches, but not on the
middle branch. If the real perturbations to the roll amplitude are written in the
form A = Ro(1+ ), B = Rpb, and C = Ryc, where |r|,]b],|c|] < 1, then at the
bifurcation point, the perturbation eigenvector corresponding to the zero growth rate
eigenvalue is given by r = 0 and b = —{|s; — s3|'/2/|s1 — s2|*/?}c if 5, > max(sy, 53),
or b = {|sy — s3|'/?/|s1 — s3|'/?}c if 5, < min(sy,s3). This suggests that ‘nodes’
bifurcate from the leftmost roll branch, and ‘cells’ from the rightmost. Malomed et
al. (1994) also found that hexagonal nodes bifurcate from one of the roll branches
when the linear growth rates are unequal, and that there is a change in stability of
the roll at that point.

The second root moves to s = 81435, where § = pa? /(1 —po) (111 — p3) +O(s;—85).
If we write s = s; + § in the amplitude equations (7.11a), (7.11b) and (7.11¢), and
assume that s; — s; is small in comparison with §, we find a similar situation to the
[100] case, except that s is replaced by 3, and the precise form of the cubic coefficients
differs. So for large 3, the bifurcation structure is similar to that in the [100] case,
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and we can assume that a branch of mixed mode solutions bifurcates from the roll
branch at 5 = pa?/(pn — p2) (1 — pa)-

Close to the beginning of the roll branch, where Ry is small, the growth rates of
real perturbations are o1 = —2u, R%, 0y = 81 — 83 and o3 = s; — s3. Thus, assuming
w1 (), pi(¥ + 2m/3) and pi(yp — 2w/3) are all positive, the leftmost roll branch
has three negative eigenvalues at onset, the middle branch two negative eigenvalues,
and the rightmost has only one negative eigenvalue. Far from onset, in the case
p1 >0, up — pe < 0 and pp — ps < 0, the roll branch has two negative eigenvalues
if § < s, =a?uy/(u1 — p2)(1 — p3), and three if 5 > s,. Taking into account the
bifurcations to hexagons, we find that the leftmost roll has three negative eigenvalues
for

_ (st — s2)(s1 — s3)

0<s< 5 ,
«
then two for
. _ 2
M1(81 823(81 83) <5< a” Ly
« (1 — pa) (k1 — p3)
and three for
2
5> el

(B — p2)(pr — p3)
The middle roll has two negative eigenvalues for

2
0<3< @ ,
(1 — p2) (1 — p3)
and three for
2
5> ey 231

(11 = p2)(pa — pis)”
The rightmost roll has one negative eigenvalue for

5 < ,u1(81 - 82)(81 - 83)

0<s 2 ,

two for
2
8 — J—
(81 822(81 s3) i< a? ,

« (1 — p2) (1 — p3)

and three for
2
> o

(11 — p2) (1 — pa)
Again, we have assumed that 1 (), p1 (¢ +27/3) and py (¢ — 27w /3) are all positive.

The hexagonal nodes are unstable when they bifurcate from the leftmost roll,
having one positive eigenvalue. The hexagonal cells are also unstable, having two
positive eigenvalues. Figure 12 shows a region of the bifurcation diagram close to
the origin. Far from the origin, the system approaches the behaviour which would
be expected in the case 5(¢) = 0, which is very similar to the [100] case.

Here, as in the [100] case, there is no longer a clear distinction between mixed
mode and hexagon-type solutions, owing to the effect of anisotropy on the cubic
coefficients. In fact, for the case ¢ = 0, when one of the rolls is aligned along the
n axis, the bifurcation structure is exactly the same as given by equations (5.15) in
the [100] case if we now redefine —Xy = (81a*/4)(vs — V1) — (9a/4)(vs — 274). An
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analysis for small ¢ reveals that in the [011] case, the equivalent of equations (5.20)
is

r=0(y?),
_ 3V3a{[=3(0 — ) + (15— 2)RS — 2035~ 2)RY} ¢ (715)
2[—aR4 + (a*/4){1+ 27(v6 — 7a) — 15(75 — 274)} R]
Again, as ¢ increases slightly from zero, the B and C roll amplitudes split away

from each other symmetrically, while the A roll amplitude remains constant. The
imperfect bifurcation structure for the ¢ = 0 case is embedded in the general v case.

b=—

8. Discussion

In many physical systems (e.g. liquid crystals, directional solidification, convection
between thermally anisotropic plates (Pearlstein & Oztekin 1989)), the materials of
interest possess intrinsic anisotropies that select certain directions as preferred. These
geometrical constraints offer strong preferences for pattern selection. In an effort to
investigate the competition between the pattern selected by nonlinearity and that
intrinsic to the geometry, surface-energy anisotropy is allowed in a model of direc-
tional solidification. This model is valid near the upper (absolute stability) branch of
the morphological instability neutral curve where, in the isotropic case, bifurcation
in two dimensions is supercritical. This model ignores the effects of thermodynamic
disequilibrium that would be present at high speeds in standard metallic or organic
alloys. We expect the results that we obtain from consideration of surface-tension
anisotropy to be typical of other types of anisotropic properties as well, since the
various anisotropic properties of the solid are all determined by the basic symmetries
of the underlying crystal lattice.

The anisotropy selected is surface energy in cubic crystals. Thus, for growth in the
[100] direction there is four-fold symmetry, for [111] growth a three-fold symmetry,
and for [011] growth a two-fold symmetry. Consequently, the plane on which patterns
evolve has intrinsic preferred directions. These symmetries suggest the consideration
of roll/rectangle and roll/hexagon competitions.

The starting point is the limit of near absolute stability in which Brattkus &
Davis (1988) derived an asymptotically correct evolution equation that represents
the full free-boundary problem of the strongly nonlinear morphological instability.
This equation is generalized to the cases of cubic anisotropy, with growth in the
[100], [111] or [110] directions. From these partial differential equations, systems
of ordinary differential equations are derived in the weakly nonlinear limit. These
amplitude equations are of the usual type standard in, say, Bénard convection except
that the coefficients inherit asymmetries from the surface energy. Analysis of these
equations gives insights into the formerly described competitions.

For growth in the [100] direction, the anisotropy enters the amplitude equations
only in the cubic coefficients; all coefficients are real. The competition between rolls
and rectangles is shown in figures 6-8. The analysis predicts for the isotropic case,
that whether squares or rolls are to be preferred depends on the value of the dis-
tribution coefficient, k. For k near unity, rolls are preferred over squares, and there
is an exchange of preference for sufficiently large departures of k from unity. When
anisotropy is present, rectangles can lose existence, one roll can be stable while the
other loses stability, or rolls and rectangles can all be unstable locally.
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Roughly square-shaped patterns of solute segregation were observed by Flemings
et al. (1970) during directional solidification of Fe-10% Ni alloys. The observed four-
fold symmetry of the patterns is likely associated with the incipient formation of
sidearms during the cell/dendrite transition, but the observed arrangement of the
cells into a square array is suggestive even if the growth is probably occurring well
past the onset of instability considered here.

The hexagon/roll competition in this case leads to various situations depending
on the angle that the hexagon makes with the underlying preferred directions. When
aligned, ¥ = 0, there is a loss of distinction between hexagons and other mixed modes.
Hence, the loss of symmetry induces imperfections in the secondary bifurcations (see
Tilley et al. (1994) for another such case). Whereas a mixed mode (‘Class V') crosses
the hexagon mode in the isotropic case, figure 9a, anisotropy breaks this bifurcation,
as shown in figures 9b, c. When 9 = 0, two of the three rolls have equal amplitudes
for all values of the bifurcation parameter. For small misalignments, 0 < |¢| < 1,
however, these two roll amplitudes split apart symmetrically from their ) = 0 values.

For growth in the [111] direction, the anisotropy enters the amplitude equations in
the quadratic coefficients, which are complex. In the roll/rectangle competition the
usual two supercritical rolls can change to both subcritical or one of each. Further,
the complex coefficients result in some rolls or rectangles travelling.

The hexagon/roll competition in this case leads to various possibilities. There can
be six-fold symmetry, three-fold but not six-fold symmetry, or triangular symmetry
depending on the orientation to the crystalline axes, the degree of anisotropy, and
the distribution coefficient.

For growth in the [110] direction, the anisotropy enters the amplitude equations in
the linear and cubic coefficients; the coefficients are real. The competition between
rolls and rectangles is shown in figure 11. Since the growth rates are angle-dependent,
the two rolls bifurcate at different values of s. The rectangles now bifurcate from the
first roll to exist. Far from onset, the linear selection is weak and the cubic coefficients
dominate the selection process, which now resembles that of the [100] case.

The hexagon/roll competition in this case is shown in figure 12. The linear selection
splits the degeneracy of the rolls so that all three bifurcate at different values of s.
Hexagonal nodes bifurcate from the leftmost roll, while hexagonal cells bifurcate from
the rightmost roll. Again, mixed modes and hexagons become indistinguishable. In
the example shown, all hexagonal states are unstable close to the origin, but at large
amplitudes, the hexagonal node branch will turn around becoming stable, and the
situation is similar to that in the [100] case (figure 9).

The present study gives a variety of cases in which the intrinsic asymmetry, in this
case surface energy, competes with selection by nonlinearity.
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